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PROPAGATION OF WEAK SHOCK WAVES IN A MAGNETIC FIELD

A, A, Lugovtsov
Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki,

This paper gives a solution of the problem of the propagation of weak
shock waves in an inhomogeneous conducting medium in the presence
of a magnetic field. The width of the perturbed region is taken to be
small compared with the characteristic dimensions of the problem,
The magnetic Reynolds number is also assumed small, which allows
one to neglect the induced magneric field, The method of solution
employed is similar to that used in [1-3],

§l. We shall consider a medium with isotropic
conductivity, The magnetic Reynolds number is as~
sumed small (Ry, < 1), and we neglect the induced
magnetic field which arises when a conducting medi-
um moves in an external magnetic field., The viscosity
and thermal conductivity are also neglected, With
these assumptions the system of equations of magneto-
gasdynamics has the form
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Here vi, p, p, a are the velocity, density, pres- -
sure, and velocity of sound, respectively;t is time;
xi are Cartesian coordinates; the indices i, k take
the values 1, 2, 3; H is the magnetic field; j is the
current density, o is the conductivity of the medium,
and ¢ is the velocity of light.

Let ¢(t, xi) = const be the characteristic surfaces
of the system (1.1).

The equation for @(t, x;) will have the form
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from which it is clear that the equation
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defines two families of characteristics Cy and C.,
and the equation
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the family of characteristics Cy.

Following [1], we introduce the surfaces Ny, N_
and S moving in space (xj), instead of the character-
istic surfaces C,, C. and Cy, which are stationary
in space (t, x;). According to (1.3) the velocity of
propagation of the surfaces Ny and N_ is equal to
vi + anj, where 1j is the normal to the appropriate
surface Ny or N_:
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The surfaces S, corresponding to the characteristic
surfaces Cy, are fluid surfaces moving together with
the particles of the medium,

Reducing the system (1.1) to characteristic form,
we obtain
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Here the operator

denotes the derivative along the characteristic sur-
face; the upper sign in (1.5) corresponds to the C,
characteristics, and the lower to those of C_; the
vector s; in (1.6) satisfies the condition sj 8¢ /8x; =

= (0, Equations (1.6) and (1.7) correspond to the char-
acteristics of Cy.

§2. Using the characteristic system (1.5)—{1.7),
obtained above, we shall consider the propagation of
weak shock waves in a medium for which the pressure
ps, the density p;, velocity Uj, magnetic field Hj and
velocity of sound a4 are given as functions of the co-
ordinates (but are independent of time), We shall con-
sider the perturbed quantities

A=p—pn d=p—ps wuy=9— U;
to be small compared with p;, py and a, respectively.
We shall take the width of the perturbed region A to
be small compared with the radius of curvature of the
shock front R and the characteristic length L within
which the medium and magnetic field change substan-
tially. In addition, we shall assume that A, 6 and uj
change by an amount of the order of themselves over
distances of the order of R, L in directions tangential
to the front. By hypothesis the magnetic Reynolds
number Ry <1, and we have

R, = dnohao/c?<L 1

since A and gy are the characteristic dimension and
velocity in the problem under consideration.

Setting A, 6 and u; in the characteristic equations
corresponding to the Cy and C_ characteristics, and
integrating them along trajectories of elements of
the surfaces S and N., respectively, we find, as in
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[2], that the following relations are obeyed in the per-
turbed region (quantities of the order of A% AA/R, AA/
/L, Ry, compared with A are neglected):

wp - oung, A= a0, A= Doy u (u = VEE), (21)

Under the assumptions made ahove, the relations
(2.1) coincide with the relations at the shock front [4],
if terms of the order of A% R, AA/R, AA/L, RpA
are neglected in the latter relations, and consequently,
to the degree of accuracy indicated, the shock front
does not influence the flow behind it, Relations (2.1)
coincide with those obtained in [2], i.e., the inter-
action of the conducting medium and magnetic field
does not affect the relations between the parameters
of the medium in the perturbed region (under the re~
strictions which have been imposed),

Setting &, 6 and uy in Eq. (1.5), corresponding to
the C4 characteristics, and taking (2.1) into account,
we obtain
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Here the operator (2.3) denotes the derivative along
the ray—trajectory of motion of the element of sur-
face Ny, Integrating this equation along the ray and
neglecting small terms of order A% AA/R, AA/L,
RmA compared with 4, we obtain
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The quantity @ (on a given ray) depends on the num-
ber of the surface N,. The ray equations are ohtained

from (1.3) and have the form
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Repeating the procedure carried out in [2], we ob-
tain the equation for determining the change of o at

the shock front along the ray:
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where f(a) is an arbitrary function determined by the
pressure distribution in the wave given for the time
t = 0, ¢y is the value at the shock front for t = 0.

The pressure at the front of a shock wave with a
linear profile behind the front varies in virtue of (2.4),
(2.6), according to the law
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Here agy, Ugk and ngk are the values of ag, Ugk and
ng at the front at the time t = 0; % is the width of the
region A > 0 fort = 0,

The form of expression (2.6) is the same as that
obtained in [2], but the presence of additional magnetic
terms in the exponent of (2.3) alters the picture of
shock wave damping radically.

In the case of a2 homogeneous stationary medium and
uniform magnetic field in a direction parallel to the
shock front, we have from (2.6) for a one-dimensional
plane shock wave and cylindrical shock wave, respec-
tively,
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Here 1 is the position of the front for t = 0, The
one-dimensional spherical case does not exist for a
uniform magnetic field, since the magnetic field does
not exert any influence on the damping of shock waves
along rays parallel to the magnetic field (i.e., when
the magnetic field is perpendicular to the shock front),

For the results set out above fo be valid the con-
dition
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must be fulfilled, where the integral must be taken

along the path of the front,
Moreover, for the condition Ry,

the condition

<1 to be fulfilled,
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must be fulfilled.
For H—0 or o -~ 0 the expressions (2.7), (2.8), (2.9)
pass into the corresponding formulas of gasdynamics.
The author is grateful to B. I, Zaslavskii for use-
ful advice and for discussing the paper.
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